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We propose a new approach to obtain the nanoscale morphology of rough surfaces from low-
temperature adsorption experiments. Our method is based on one of the most realistic models
of rough surfaces formulated in terms of random correlated processes and random surface density
functional theory (RS-DFT) as a theoretical adsorption model. We consider the roughness in the
normal direction, the correlation length of the lateral surface structure and the specific surface area
as tuning parameters of RS-DFT to fit the experimental data in the low pressure range, where
the influence of the surface geometry is the most crucial. One of the major advantages of the
proposed approach over published methods is the best-fit detailed geometry of rough surfaces, which
provides full information for further atomistic modeling. The obtained geometry correctly reflects
how the nanoroughness of silica materials depends on the synthesis conditions. We demonstrate that
the surface fractal dimension observed in many experiments is natural for the correlated random
surface model. We investigated the surface geometry of popular silica materials synthesized at
different conditions. The obtained roughness parameters and fractal dimensions coincide well with
the published experimental data. Analysis of the best fit specific surface area reveals the mechanism
of adsorption on rough surfaces and provides a new strategy for the search of optimal storage
materials.
Adsorption properties are crucial in a wide variety of
applications, including CO2 capture, CH4 storage, and
heterogeneous catalysis [1, 2]. Most materials of tech-
nological interest demonstrate nanoscale surface rough-
ness. A characteristic example is silica materials with a
wide range of pore sizes depending on the synthesis condi-
tions; specifically, mesoporous materials and their modifi-
cations are used in gas storage technologies [3, 4].o Addi-
tionally, high chemical and mechanical stability make sil-
ica materials widely used as inorganic supports for affin-
ity chromatography. To immobilize enzymes, controlled
pore glass (CPG) materials [5] and silica gels [6] are used.
Additionally, experimental investigations of silica glass
using small angle X-ray scattering (SAXS) have claimed
the presence of a roughness region 2δ around 15 − 20
A˚ [7–9]. Almost all popular silica materials have been
investigated using fractal approaches, where the devia-
tion of the fractal dimensions from the flat plane Df − 2
indicates significant roughness [10–12].
Several groups of researchers have demonstrated that
adsorption properties for rough solid substrates can be
described by theoretical models accounting for the sur-
face geometry [13–18]. Therefore, an inverse problem can
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be formulated to obtain the surface geometry from well-
defined low-temperature adsorption measurements. The
direct correlation between adsorption properties and de-
tailed surface geometry can be used as insight for the sur-
face modification process to design the optimal storage
[19, 20] or catalysis materials [21, 22]. However, the ma-
jority of rough surface approaches use oversimplified geo-
metrical models that allow adsorption experiments to be
FIG. 1. An example of the rough surfaces described in this
work. The surface (blue colour) is a realization of the corre-
lated random process, where the variance defines the rough-
ness in the normal direction and the correlation length is the
scale of the lateral structure.
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2fit but do not provide a correct description of the realistic
roughness. In our study, we characterized the nanoscale
morphology of popular silica materials, accounting for
the properties of realistic rough surfaces. Our obtained
results fit published experimental data well and correctly
reflect the material synthesis conditions. We have also
demonstrated that the fractal dimension observed in ex-
periments is derived from a correlated random surface
model. Thus, we have provided a very detailed char-
acterization of nanorough surfaces in comparison with
published alternative theoretical approaches. The ob-
tained surface characteristics allow to reconstruct an ex-
plicit molecular model, which can be used as input data
for further atomistic simulations [23, 24].
One of the most realistic rough surfaces is modeled us-
ing the random process theory [25, 26], where the rough-
ness in the normal direction corresponds to the variance
var and the lateral surface structure is defined by the cor-
relation length cl. In the works of [17, 25], the authors de-
veloped a novel approach entitled random surface density
functional theory (RS-DFT) that considers rough sur-
faces as correlated random processes. As demonstrated
in [17, 18], RS-DFT fits experimental data well and cor-
rectly describes fluid properties near rough surfaces. In
Figure 1, one can find an illustration of rough surfaces
obtained from RS-DFT calculation as some realization of
a random correlated Gaussian process with certain vari-
ance var and correlation length cl. A detailed descrip-
tion of RS-DFT can be found in the work of [17]; here,
we present the final equation for the fluid density distri-
bution ρ(z) as a function of the distance to the surface
in the normal direction z:
ρ(z) = ρ0 exp
{
− 1
S(z, var)
δ
δρ
(Fexc[S, ρ(z)]− F 0exc[ρ0])− Ueff(z, var, cl)
}
, (1)
where ρ0 is the bulk fluid density; F
0
exc and Fexc are the
fluid bulk and the inhomogeneous excess free energies
containing the terms of molecular attraction and repul-
sion, respectively. Equation (1) differs from the popular
DFT version [27] by two modifications disappearing in
the limit of an ideally smooth surface only. The first
modification is the external effective solid-fluid potential
Ueff, which accounts for the surface roughness. A de-
tailed discussion and explicit expression of the effective
potential for correlated random surfaces can be found in
[25]. The authors of [25] developed an averaging pro-
cedure based on an analogy with a first passage time
probability problem in the theory of Markovian random
processes. This approach allows us to describe the molec-
ular interaction with two-parametric rough surfaces us-
ing one-dimensional potential Ueff(z, var, cl) depending
on both the variance var and correlation length cl. The
second modification is dedicated to proper calculation of
the surface area that is available for the fluid molecules at
a certain distance z. The spatial integration over the lat-
eral plane dxdy takes into account the surface geometry
as follows:
∫
dzρ(z)
∫
dxdy... =
∫
dzρ(z)S(z), (2)
where S(z) is the surface area free from the solid at the
level z, which has the following expression:
S(z) = A
(
1− 1
2
erfc
z√
2var
)
. (3)
This function depends on the variance var and tends
to the total surface area A in the smooth surface limit
(var → 0) or with increasing z. As a result, the adsorp-
tion isotherm for the rough surfaces can be calculated
using the solution ρ(z, var, cl) of (1) and the modified
surface area S(z):
Nads =
∫
dzρ(z; var, cl)S(z;A, var)− ρ0A(H − d), (4)
where H is the pore width and d is the molecular di-
ameter of the solid-fluid Lennard-Jones interaction. In
our work, the solid-fluid interaction parameters are ob-
tained using Lorentz-Berthelot rules with the standard
parameters for nitrogen and silica. As one can see from
expression (4), the number of molecules depends on the
roughness parameters var, cl and the specific surface area
A.
The experimental adsorption capacity corresponds to
a gram of the solid samples, so A plays the role of the
specific surface area measured in m2/g. The surface area
A arises from proper integration over the lateral coordi-
nates dxdy (2) and does not depend on the surface rough-
ness. In other words, A is the specific surface area of a
flat plane that covers the considered rough surface. It is
possible to estimate the value range of A using the BET
method [28] as ABET = nma/M , where nm is the mono-
layer capacity, a is the molecular cross-sectional area of
the adsorbed molecule in the complete monolayer, and
M is the mass of the adsorbent. The surface analysis
from the BET method is always limited by the pressure,
which ranges from 0.05 to 0.3 in terms of relative pres-
sure P/P0, where P0 is the saturation pressure. The
pressure range of the BET model is not the most suit-
able for surface geometry characterization. The major
reason is that an adsorbed film that obscures the surface
geometry is influenced by complex confined fluid effects,
especially in the case of random rough surfaces [29]. The
idea to use the surface area as a variable was discussed
3in the work of [30], where the author also noted signifi-
cant sensitivity of ABET (deviation in 20%) to the pres-
sure range of the experimental data analysis [31]. Thus,
in our work, we considered A as an additional param-
eter in the value range defined by the BET method as
0.75ABET ≤ A ≤ 1.25ABET.
As one can see from expression (1), the adsorption ca-
pacity (4) depends on the geometrical parameters even in
the case of rare gas molecules near a solid. Unlike the au-
thors of other published approaches, we characterized the
surfaces at a region of low pressures P/P0 < 0.1, where
the influence of the solid geometry on the adsorption
properties is the highest and does not intersect with the
confined fluid effects [32]. Thus, in our workflow, experi-
mental nitrogen adsorption isotherms at 77 K are used as
input data. Then, RS-DFT provides the variance var and
correlation length cl using the minimization of the follow-
ing deviation from the experimental data at the certain
specific surface area of 0.75ABET ≤ A ≤ 1.25ABET:
∆(A) = min
var,cl
M∑
i=1
(
N
(i)
exp −N (i)ads(var, cl, A)
N
(i)
exp
)2
, (5)
where the index i corresponds to the relative pressures
from the following low pressure range 0.005 ≤ pi/p0 ≤ 0.1
and N iexp is the experimental data.
We investigated the surface geometry of popular com-
mercially available meso- and macroporous silica ma-
terials. These materials demonstrate a high variety of
FIG. 2. The dots correspond to the best fit surface roughness
(the variance and the correlation length) as minimization of
(5) for the variation of the specific surface area A in the range
0.75ABET ≤ A ≤ 1.25ABET
FIG. 3. The numbered rough lines correspond to the rough-
ness parameters obtained for specific surface area A corre-
spond to 1) 1.25ABET, 2) ABET and 3) 0.75ABET. As one can
see, to adsorb the same number of molecules on a decreasing
surface area, the geometry becomes more rough. In the case
of a smaller specific area 0.75ABET, the variance is larger, and
thet correlation length is smaller.
pore sizes and forms depending on the synthesis method.
For example, CPG is synthesized by the Vycor process,
which contains phase decomposition due to the melting
of the three-component mixture and further dissolving
of the less chemically stable phase in the acid. In ac-
cordance with patent [33], the pore size of CPG is fully
controlled by the temperature and duration of the heat
treatment. In addition, the experimental investigations
of Vycor glass claim significant roughness around 15−20
A˚. To investigate how CPG nanoroughness depends on
the synthesis conditions, we measured low temperature
nitrogen adsorption on CPG-500, CPG-1000 and CPG-
3000 samples provided by Millipore with pore sizes of
approximately 500 A˚, 1000 A˚ and 3000 A˚, respectively.
As one can see from [33], CPG-3000 was synthesized
at much higher temperatures than were CPG-500 and
CPG-1000, which should be reflected in the comparison
of their surface characterizations. We considered analog
of Vycor glass entitled Varapor-100 by Advanced Glass
and Ceramics, USA. We obtained adsorption isotherms
for all glass samples in our laboratory using the ASAP-
2020 instrument by Micromeritics, USA. We also used
the published data on nitrogen adsorption on silica gel
LiChrospher Si-1000 from [31]. Thus, the set of consid-
ered materials is complete enough to compare the influ-
ences from different synthesis processes and conditions
on the surface roughness.
In our study, the experimental data correspond to the
4FIG. 4. Correlation length cl corresponding to the minimum (5) as a function of the specific length L = A1/2. Accounting the
limit properties, the calculated points (color dots) can be fitted by the curve cl = kLγ . The fitting parameters and calculations
fractal dimensions from (7) are shown in the insets.
low pressure (P/P0 < 0.1) nitrogen adsorption measure-
ments at 77 K. We measured the silica glass samples
(CPG, Varapor) in our laboratory using an ASAP2020
instrument. Additionally, we used published tabulated
data for LiChrospher Si-1000 from the work of [31]. The
theoretical approach of RS-DFT provides the fluid den-
sity distribution (1) near the rough silica surface de-
fined by the roughness parameters var and cl. Con-
sidering the experimental data for a certain solid sam-
ple, one can obtain the best fit roughness parameters
using the minimization of (5) over 1.5d ≤ var ≤ 4d and
3d ≤ cl ≤ 7d. This result depends on the specific sur-
face area A, so we calculated the set of parameters var
and cl (5) for the surface area variation in the range of
0.75ABET ≤ A ≤ 1.25ABET (with step 0.01ABET). Fig-
ure 2 contains the results corresponding to three mate-
rials that are the most different from each other: CPG-
3000, CPG-500, and Si-1000.
As shown in Fig. 2, the variation in specific surface area
A induces the consequence of similar surfaces. Actually,
the points of one color in Fig. 2 correspond to the best fit
geometry, allowing the adsorption of the fluid with the
same (known from the experiment) value on a certain sur-
face area A. Therefore, to adsorb the constant number
of molecules on the decreasing surface area, more hetero-
geneous geometry and deeper fluid penetration into the
media are needed (Fig. 3). As shown in Fig. 3, when A
increases (black arrow direction), the best fit parameters
tend to the limit var → 0 and cl→∞, which is the ideal
smooth surface. Thus, A can be considered a measure of
roughness that leads to the criteria for surface affinity in
terms of fractal dimension.
Our analysis is similar to the method of [34], where
authors considered molecules with size d as the scale unit
on a fractal line. Let us consider a rough line of length
L =
√
A, and the surface fractal dimension Df is defined
via line-dimension as Df = Dline + 1 [34]. The number
of patterns on length L can be estimated as Nd = L/d,
and the surface fractal dimension Df is defined by the
following expression:
Df = − lim
d→0
logNd
log d
+ 1 = − lim
d→0
logL
log d
+ 2. (6)
To determine how the length L is measured by the
molecular diameter d, one can consider the dependence
of L on the parameters var and cl. As the points var
and cl for A = L2 variation in Fig. 2 can be fitted well
by a one-dimensional curve, it is possible to consider a
new pair of parameters, for example, cl and L.
Fig. 4 demonstrates how the points from Fig. 2 can be
rewritten in terms of the correlation length cl as a func-
tion of the length L. Taking into account the condition
cl(0) = 0, the correlation length cl can be represented as
the power function cl = kLγ , where k > 0 and γ > 0 are
the fitting parameters. These parameters can be found in
the insets of Fig. 4 and in Table I. However, for molecules
with different sizes near a certain rough surface, one can
obtain the proportionality for the correlation length as
cl ∼ 1/d. Now, the fractal dimension can be calculated
from (6) using the expression L ∼ d−1/γ as follows:
Df = 2 +
1
γ
(7)
TABLE I. Fractal dimensions Df calculated from RS-DFT
Material k γ Df
CPG-500a 5.046 2.47 2.4
CPG-500b 5.36 2.62 2.38
CPG-1000 5.638 2.42 2.41
CPG-3000 4.372 3.37 2.3
Varapor-100 5 2.44 2.41
Si-1000 5.51 1.87 2.54
5FIG. 5. A: Best fit roughness parameters var and cl corresponding to the specific surface area ARS, which provides the
minimal deviation (5) among 0.75ABET ≤ A ≤ 1.25ABET. The framed inset 2δ = 17A is the roughness region (2var) of
the materials with Df = 2.4. This result fits experimental SAXS data demonstrating the roughness region in the range of
15 ≤ 2δ ≤ 20. B: The solid lines are interpolated from the experimental measurements of nitrogen adsorption at 77K on the
silica materials (the colors of the materials are the same as those in Fig. A). The dots are points used in the minimization of 5
at ARS and roughness parameters from Fig. A. C: Sketch of adsorption on rough surfaces illustrating the comparison of ARS
and ABET. (Top sketch) Adsorbed molecules on more smooth surfaces (CPG-3000) form mono-layer clusters in small cavities.
The number of these molecules defines the BET surface, which is smaller than the full two-dimensional coverage. (Bottom
sketch) In the case of significantly rough surfaces, the molecules demonstrate that the lack of layer structure and adsorption
capacity significantly depends on the roughness. The BET method assuming monolayer adsorption leads to overestimation of
the specific surface area and ABET > ARS.
As one can see from (7), the fractal dimension depends
on only one parameter, γ. From our study, the fractal
dimension can be calculated using the properties of the
correlated random surface. In other words, we demon-
strated that the random surface model results in a frac-
tal dimension without assumptions about spatial scale
self-similarly or self-affinity.
The expression (7) allows calculation of the fractal di-
6TABLE II. Obtained the surface roughness parameters var,
cl and the specific surface area ARS
Material ARS, m
2/g var/d cl/d ARS−ABET
ABET
Varapor-100 79.3 2.8 4.2 -0.13
CPG-500 50.0 2.8 4.4 -0.11
Si-1000 24.2 3 5.3 -0.07
CPG-1000 27.4 2.7 6.0 0.05
CPG-3000 12.5 1.6 6.2 0.23
mension from analysis of the adsorption isotherm. In this
work, we calculated Df for silica glass samples, such as
CPG-500, CPG-1000, CPG-3000, Varapor-100, and one
example of silica gel, LiChrospher Si-1000. The obtained
fractal dimensions are presented in Table I. The pub-
lished experimental measurements of silica glass materi-
als using SAXS and Porod’s law demonstrate a fractal
dimension of 2.4 [7, 8, 12]. Thus, as one can see from
Table I, our obtained results for Df coincide with the
experimental data well.
To obtain the detailed rough surface geometry, the
fractal dimension is not enough, and the best fit rough-
ness parameters var, cl are needed. For this reason, we
define the surface area ARS corresponding to the mini-
mum of the deviation (5) among the values obtained by
the surface variation over 0.75ABET ≤ A ≤ 1.25ABET.
As discussed above, A defines the specific surface area
of the two-dimensional plane covering of the rough sur-
face. Therefore, the obtained ARS can be both smaller
and larger than ABET in terms of the dependence on a
certain surface geometry. These different cases can be
illustrated by the sketch in Fig. 5C. As one can see in
the upper illustration in Fig. 5C, adsorbed molecules on
more smooth surfaces form mono-layer clusters in small
cavities. The BET approach assumes a layering struc-
ture of the adsorbed fluid and ABET = nma/M , where
nm is the monolayer capacity, a is the molecular cross-
sectional area of the adsorbed molecule in the complete
monolayer, and M is the mass of the adsorbent [28].
For this reason, the number of molecules nm leads to
BET surface ABET < ARS, which is smaller than the
full two-dimensional covering ARS. In the case of sig-
nificant roughness (bottom sketch), the adsorbed fluid
demonstrates the lack of a layer structure. In the BET
method’s pressure range, the rough surface stores more
adsorbed fluid nRS than does the ideal smooth surface
due to the penetration of fluid molecules into solid me-
dia. The BET method assuming monolayer adsorption
leads to overestimation of the specific surface area and
ABET > ARS. As shown in Table II, the obtained results
are consistent with these models.
The best fit roughness parameters var and cl corre-
sponding to the specific surface area ARS are shown in
Fig. 5A. A comparison of the theoretical RS-DFT cal-
culations with the experimental data can be found in
Fig. 5B. Despite the similar values of the fractal dimen-
sion, the detailed surface geometries are notably differ-
FIG. 6. Methane storage on a rough silica surface at atmo-
sphere pressure and room temperature. The contours corre-
spond to constant adsorption storage Nads(var, cl)/N0. The
values of ARSNads/N0 corresponding to the CPG and Si-1000
samples are presented in the frames and are measured per
gram.
ent. However, as one can see, the roughness region of
glass materials withDf = 2.4 is approximately 2δ = 17A,
which is consistent with the results of the SAXS experi-
ments 15 ≤ 2δ ≤ 20 and Df = 2.4 for silica glass [7].
The best fit roughness parameters var and cl corre-
sponding to the specific surface area ARS are shown in
Fig. 5A. The comparison of theoretical RS-DFT calcu-
lations with experimental data can be found in Fig. 5B.
In spite of the similar values of the fractal dimension de-
tailed surface geometries are notably different. However,
as one can see the roughness region of glass materials
with Df = 2.4 is around 2δ = 17A that is consistent
with results of SAXS experiments 15 ≤ 2δ ≤ 20 and
Df = 2.4 for silica glass [7].
Table II contains the obtained roughness parameters,
the area ARS and the relative deviation
ARS−ABET
ABET
. In
the work of [35], the authors used a specific surface area
of LiChrospher Si-1000 as adjustment parameters and
found that only a value of 24 m2/g fits the experimental
data. Thus, their result coincides with the obtained spe-
cific surface area for Si-1000 ARS = 24.15 m
2/g. As dis-
cussed above and illustrated in Fig. 5C, our calculations
in the case of more smooth surfaces (CPG-3000, CPG-
1000) provide the specific surface area ARS > ABET. In
the case of significant roughness (CPG-500, Varapor-100,
Si-1000) due to enhanced adsorption, the obtained sur-
face coverage is smaller than the BET specific surface
ARS < ABET. As shown in Table II, this adsorption
model is reflected in the obtained roughness parameters
var and cl.
We considered the problem of CH4 storage in meso-
7porous silica at atmosphere pressure P = 1 bar and
room temperature T = 300 K. The adsorption capacity
Nads(var, cl)/N0 accounting for silica surface roughness
is shown in Fig. 6, where N0 is the number of adsorbed
molecules on the smooth silica surface. The contours
in Fig. 6 define the isolines in terms of var and cl cor-
responding to the constant relative adsorption capacity
Nads/N0. As one can see from the plot legend of Fig. 6,
the specific methane storage Nads can be notably en-
hanced by geometrical heterogeneity. To investigate the
storage properties of silica samples, we propose a new
characteristic:
C = ARSNads(var, cl)/N0. (8)
The relative capacity (8) depends on not only the rough-
ness parameters var and cl but also the specific surface
area ARS supported the rough geometry. The methane
storage capacity C calculated for the CPG and Si-1000
samples using the parameters from Table II are shown
inside the frames in Fig. 6. The advantage of sample
Si-1000 over CPG-1000 due to more rough surface geom-
etry (in terms of both Df and the roughness parameters)
is suppressed by the deviation in the calculated specific
surface areas ARS. Considering the samples with similar
roughness, CPG-500 has a clear advantage over Si-1000
because of the notably larger area ARS. The proposed
method of surface geometry characterization in terms of
three parameters ARS, var and cl opens up new oppor-
tunities for the search of optimal storage materials con-
sidering functional ARSNads(var, cl).
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